Abstract-In this paper, we study the effects of channel estimation error on the bit-error-rate (BER) of orthogonal frequency division multiplexing (OFDM) systems in frequency-selective slowly Rayleigh fading channels. Due to the additive white Gaussian noise (AWGN) and the intercarrier interference (ICI) caused by the residual carrier frequency offset (CFO), the channel estimation based on the training symbols is not perfect. We characterize the performance degradation resulting from imperfect channel state information (CSI) by deriving the BER formulas for BPSK, QPSK, 16-QAM, and 64-QAM modulation schemes. The derived BER formulas contain no numerical integrals and can be evaluated easily and accurately. Simulation results validate the correctness of our theoretical analysis.
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Index Terms-Orthogonal frequency division multiplexing, channel estimation, carrier frequency offset, frequencyselective Rayleigh fading, bit-error-rate, performance analysis I. INTRODUCTION Orthogonal frequency division multiplexing (OFDM) has become a popular transmission technique for highdata-rate wireless communications in recent years. By dividing the whole bandwidth into subchannels and transmitting data symbols in parallel, the effective data period is enlarged and the intersymbol interference (ISI) caused by the frequency-selective fading channel can be greatly reduced [1] .
When coherent modulation is employed at the transmitter, channel state information (CSI) is necessary for the demodulation of transmitted signals at the receiver. Various CSI estimators and their corresponding performance analyses have been studied and appeared in the literature. For example, the effects of channel estimation error on the system bit-error-rate (BER) performance for transparent tone in band (TTIB) modulation and pilot-symbol-assisted modulation (PSAM) without or with diversity have been analyzed in [2] , [3] and [4] , respectively.
The issues of channel estimation in OFDM systems have been considered in [5] where the minimum meansquare error (MMSE) and least-square (LS) channel estimators exploit the property of cyclic prefix to obtain channel estimates. The MMSE channel estimator fully using the time and frequency domain correlations of the response of time-varying dispersive fading channels has been derived and analyzed in [6] . The authors also proposed a robust channel estimator which is insensitive to the mismatch of channel statistics.
The uses of PSAM in both time and frequency domains for time-varying frequency-selective channels have been investigated in [7] [8] [9] [10] [11] where the channel estimates of OFDM data symbols are interpolated from the neighboring two-dimensional pilot tones. To improve the spectral efficiency, a novel channel estimation scheme called coded decision directed demodulation (CD3) [12] where the pilot tones are transmitted only at the beginning of a frame and the channel estimator exploits the error correcting capability of a forward error correction decoder to reconstruct the transmitted data sequences and mitigate the effects of channel estimator error. To further alleviate the power and bandwidth overhead of pilot tones, several blind and semi-blind channel estimation algorithms have been developed for OFDM systems [13] [14] [15] [16] [17] .
When the OFDM-based wireless system operates in a slowly fading multiple-access environment, the use of training (preamble) symbols to facilitate the channel estimation task has been specified in the IEEE 802.11a/g standard. [18] . The performance of channel estimator based on the long preambles in OFDM-based wireless local area networks (WLAN) was examined in [19] , [20] . In [19] , the authors considered the channel estimate is not only corrupted by additive white Gaussian noise (AWGN) but also by the intercarrier interference (ICI) due to the residual carrier frequency offset (CFO). In the BER analysis, it was assumed the channel estimate and the channel estimation error are uncorrelated when the interference power is small. As indicated in [21] , the method presented in [19] may overestimate the BER in some situations. Instead of BER, [20] considered the mean square error (MSE) of the channel estimator as the performance index and revealed the channel estimation MSE increases at the rate of approximately the square of CFO. Some recent works [22] [23] considered OFDM channel estimation problem in the presence of CFO and phase noise. Those papers focus on the development of new channel estimation algorithms and the corresponding BER analyses are missing.
In this paper, we consider the same scenario as in [19] and we are interested in the BER which is a more important performance metric than the channel estimation MSE. We perform the exact BER analysis for BPSK, QPSK, 16-QAM, and 64-QAM modulated OFDM signals in frequency-selective Rayleigh fading channels without any assumption on the correlation between the channel estimate and the channel estimation error. Therefore, our method and result are accurate even for large CFO and channel estimation error. Moreover, the expression of the derived BER formula is in a simple form and no numerical integration is needed to evaluate it.
The remainder of this paper is organized as follows. In Section II, we describe the system and channel model. Section III presents the BER analysis for BPSK, QPSK, 16-QAM, and 64-QAM modulated OFDM signals with imperfect CSI. Numerical results which validate the theoretical analysis are given in Section IV. Finally, Section V concludes the paper.
II. SYSTEM MODEL In this paper, we assume the frequency-selective Rayleigh fading channel is fixed during one transmitted frame and the channel estimation is facilitated by the preamble (training) symbols embedded in the beginning of the data frame. In mathematical form, the mth transmitted baseband OFDM symbol in a frame can be expressed as
where k is the index of subcarrier, N is the total number of subcarriers, X k (m) ∈ X are the transmitted modulation symbols, and M is the number of OFDM symbols in one frame. Four types of modulation formats X are considered, namely, BPSK, QPSK, 16-QAM, and 64-QAM [24] . The first P OFDM symbols in a frame are training symbols. For each OFDM training symbol, the modulation is restricted to be BPSK and the transmitted modulation symbols at each subcarrier, denoted by X
where the superscript p indicates the transmitted symbol is a "preamble", are the same for the OFDM symbol index m from 1 to P . The training symbol patterns X p k for k = 0, 1, · · · , N − 1 are known at both the transmitter and the receiver ends.
We assume the cyclic prefix of length N G samples is inserted at the beginning of each OFDM symbol and is removed in the demodulation process [1] . Furthermore, we assume the length of cyclic prefix is longer than the maximum delay spread of the multipath fading channel and the ISI can be completely eliminated.
The transmitted OFDM signal passes through a multipath fading channel whose impulse response is represented by the tapped-delay line model [24] 
where L < N G is the number of multipaths, the path gains h l are independently circularly symmetric complex Gaussian random variables with mean 0 and variance σ 2 l , δ(·) is the Dirac-delta function, and T is the effective OFDM symbol period. For brevity, we simply use the notation h l ∼ CN (0, σ 2 l ). The corresponding frequency response at subcarrier i is
The channel frequency response H i is also a complex Gaussian random variable with mean 0 and variance
Without loss of generality, we assume the sum of the average power of each multipath is normalized to 1, i.e.
At the beginning of a frame, the initial CFO estimate may not be accurate due to the presence of noise and the limited resource dedicated to the CFO estimation. For example, the short preambles in the WLAN system can be used to obtain the coarse CFO estimate whose accuracy can be improved by succeeding fine CFO estimation based on the long preambles [25] . The normalized CFO affecting the training symbols for channel estimation is denoted by = f ∆ T where f ∆ is the CFO in Hertz. Then the mth received training symbol after performing the fast Fourier transform (FFT) is [26] 
, and
It is commonly assumed that the block-dependent phase-shift term θ(m) can be perfectly compensated at the receiver by using the preambles or continual pilot tones [21, 27, 28] so that the decision region of the modulation symbol is independent of the OFDM symbol index m. Although this assumption is a little bit ideal, it can greatly simplify the BER analysis. The design of phase-locked loop and the effect of phase tracking error on the OFDM BER is beyond the scope of this paper.
The channel estimate of H i based on the received training signals
). The training symbols can be utilized not only for channel estimation, but also for fine CFO estimation [29] . Therefore, it is reasonably assumed the residual CFO after the training period is quite small [30] . In practical communication systems, the phase rotation caused by the residual CFO can be estimated and compensated by the continual pilot signal embedded in some subcarriers.
Ignoring the residual CFO after the training period, the received OFDM data symbol after the FFT is
where the superscript d indicates the transmitted modulation symbols are data symbols rather than preambles.
III. BER ANALYSIS
There are many approaches to analyzing the BER of digital modulation schemes over fading channels [4] , [24] , [31] . In this paper, we consider the method described in the appendix B of [24] . First, we need the following lemma to characterize the effects of channel estimation error on the BER of various modulation schemes in OFDM systems.
Lemma 1 [24] : Let X and Y be zero mean, correlated complex-valued Gaussian random variables and
where * stands for the complex conjugation, (x) and (x) are the real part and the imaginary part of x, respectively. Then
where
, and E[·] denotes the probabilistic expectation. For notational simplicity, we omit the index of OFDM data symbol m in the following discussion.
A. BPSK
For BPSK modulation, the FFT outputs of the OFDM data symbol are
is the BPSK symbol transmitted on the ith subcarrier and we assume P(X
For the ith subcarrier, the decision statistics for the BPSK modulated OFDM signal with imperfect CSI is [Y iĤ * i ] and the corresponding BER is
whereĤ i is given in (5) . Conditioned on the transmitted symbol X d i , the received signal Y i and channel estimatê H i are both zero mean complex Gaussian random variables. To apply Lemma 1 to obtain P b (i), we first compute
as follows.
To evaluate (12), we must compute
Next, we compute µ
Finally, the µĤ
is given by
The expectation
For subcarrier i, the BER of the BPSK modulated OFDM signal with imperfect channel estimate can be evaluated by Lemma 1 as
are given in (11), (14) , and (15) with
Finally, the average BER over all subcarriers is
From the expression in (17), we know the subcarrier BER P BPSK b (i) is not only a function of subcarrier index i but also a function of the training symbols X p k due to the effect of CFO. In fact, by carefully inspecting the derivation of (17), it is easily seen the dependency of P BPSK b (i) on X p k is through the ICI term I i which is a direct consequence of CFO. On the other hand, if the channel estimation is performed under perfect CFO estimation (i.e. = 0), can be simplified as 
B. QPSK
The constellation of QPSK is denoted by
where j = √ −1 and E s is the symbol energy. Two information bits are mapped into a QPSK constellation symbol by the Gray encoding [24] shown in Fig. 1(a) .
To generate the decision variable for the QPSK symbol X d i of subcarrier i, the constellation of the demodulated signal Y i is scaled and rotated by the corresponding channel estimateĤ i . For each QPSK symbol, we only need to derive the BER of the most significant bit (MSB) since the least significant bit (LSB) has the same BER as the MSB. To compute the BER of the MSB of the QPSK constellation symbol, we consider two QPSK constellation symbols
were sent at the transmitter end since they have different BERs due to imperfect CSI. This is different from the perfect CSI case where usually only one constellation symbol is considered to be sent due to the symmetry of constellation and decision boundary.
From Fig. 1(a) , it is obviously the decision boundary for the MSB of the QPSK symbol is the real axis and the BER of the MSB of the subcarrier i is
Finally, the average BER over N subcarriers is
Conditioned on X (11), (14), and (15) with possible X d i in (20) . When the CFO is perfectly compensated (i.e. = 0),
. In this case, the subcarrier BER P QPSK b (i) is independent of the index of subcarrier i and the average BER is given by 
C. 16-QAM
The 16-QAM constellation with Gray encoding is shown in Fig. 1(b) . The first and third bits correspond to the inphase (I) bits, while the second and fourth bits correspond to the quadrature (Q) bits. The I and Q components of the 16-QAM symbols are Gray encoded by assigning the bits 11, 10, 00, and 01 to the levels −3d, −d, d, and 3d where d = E s /10.
Since we are interested in the evaluation of BER, we need to determine the decision boundary for each bit first. In Fig. 2(a) , the decision boundaries for the MSB and LSB of the I/Q components are depicted [32] . Due to the symmetry of I and Q components, we only need to calculate the BER for I components.
Let X be the constellation of 16-QAM where each constellation point has the same probability to be sent, X 1 be the set of the four 16-QAM constellation symbols having d as their I-component, i.e. X 1 = {x ∈ X : [x] = d}. Similarly, let X 2 be the set of the four 16-QAM constellation symbols having 3d as their I-component, i.e. X 2 = {x ∈ X : [x] = 3d}. Since the decision boundary for the MSB bit is the imaginary axis, for subcarrier i, the BER of the MSB bit of I components is given by
On the other hand, the decision boundaries for the LSB bit are I = −2d and I = 2d on the I-Q plane. For subcarrier i, the BER of the LSB bit of I components is
The average BER of 16-QAM with imperfect CSI is
Conditioned on the transmitted data symbol X (11), (14), and (15) with
is not in the exact form of Lemma 1. To apply Lemma 1 to compute P LSB b (i), we need to transform the random variable Y i into a new random variableŶ i so that Lemma 1 is applicable forŶ i andĤ i . To be more specific, we consider to compute the following probability
where D is a real number. 27) where the second equality is a direct consequence of applying Lemma 1. Finally, we can express
To evaluate f (X d i , D), we first compute µŶ
and (12) and (15), respectively. Then we compute
When = 0, we know α = 1,Î i = 0, and µŶ
and µĤ
In this situation, the function f (X d i , D) can be simplified to (35) which is shown at the top of the next page.
D. 64-QAM
The 64-QAM constellation with Gray encoding is shown in Fig. 1(c) . The first, third, and fifth bits correspond to the inphase bits, while the second, fourth, and sixth bits correspond to the quadrature bits. The I and Q components of the 64-QAM symbols are Gray encoded by assigning the bits 111, 110, 100, 101, 001, 000, 010, and 011 to the levels −7d, −5d, −3d, −d, d, 3d, 5d, and 7d where d = E s /42. The decision boundaries for the MSB, middle bit, and LSB of the I/Q components are depicted in Fig. 2 (b) [32] . Due to the symmetry of I and Q components, we only need to calculate the BER for I components.
Let X be the constellation of 64-QAM where each constellation point has the same probability to be chosen. Moreover, let X k , k = 1, 2, 3, 4 be the set of the eight 64-QAM constellation symbols having (2k − 1)d as their Icomponent, i.e. X k = {x ∈ X : [x] = (2k − 1)d}, k = 1, 2, 3, 4. Since the decision boundary for the MSB bit is
the imaginary axis, for subcarrier i, the BER of the MSB bit of I components is given by
On the other hand, the decision boundaries for the middle bit are I = −4d and I = 4d on the I-Q plane. For subcarrier i, the BER of the middle bit of I components P MID b (i) is given at the top of the next page. Finally, the decision boundaries for the LSB bit are I = −6d, I = −2d, I = 2d, and I = 6d on the I-Q plane. For subcarrier i, the BER of the LSB bit of I components P LSB b (i) is shown at the top of the next page. The average BER of 64-QAM with imperfect CSI is 
B. Results
Figs. 3, 4, 5, and 6 show the effects of channel estimation error on the BER performance of BPSK, QPSK, 16-QAM, and 64-QAM modulated OFDM signals in multipath Rayleigh fading channels, respectively. The number of training symbols P used for channel estimation is 1. The solid lines are obtained from computer simulation and the markers are computed from our theoretical results. The horizontal axis represents the modulated data symbol SNR E s /N 0 . We assume the number of the OFDM data symbols are much greater than that of the OFDM training symbols in one frame, hence the loss of power in the OFDM training symbols is negligible.
Since the subcarriers of training OFDM symbols is BPSK modulated, the bit SNR E b /N 0 and symbol SNR E s /N 0 is related by
where |X | is the size of the constellation.
From Figs. 3-6 , it is evident the theoretical analysis exactly matched with the simulation results for different normalized CFO . When the CFO is perfectly com- pensated in the channel estimation stage (i.e. = 0), the performance loss due to imperfect CSI is about 3 dB, 5 dB, 7 dB, and 9 dB for BPSK, QPSK, 16-QAM, and 64-QAM, respectively. As the normalized CFO increases, the channel estimate becomes less reliable and the BER performance becomes worse. Due to the effect of ICI created by the CFO, there exist error floors when E s /N 0 is large. Finally, by examining those four figures closely, we find the performance degradation due to channel estimation error is more severe in high-order modulation than in BPSK. That implies the high-order modulation like 64-QAM needs much more accurate CFO and channel estimation to avoid performance loss.
The influence of the number of training symbols P on the BER performance for BPSK, QPSK, 16-QAM, and 64-QAM modulated OFDM signals in Rayleigh fading channels is depicted in Fig. 7 . The normalized CFO is set to be 0.03 and all curves are drawn based on the theoretical results. When E s /N 0 is small, the BER is mainly dominated by the AWGN and the increase of P does not provide much performance gain. On the other hand, when E s /N 0 is large, the BER is mainly governed by the ICI and the increase of P does not have much performance gain. Since 16-QAM is more sensitive to channel estimation error compared to BPSK and QPSK, the larger value of P can benefit 16-QAM more than the other two types of modulation in the middle range of E s /N 0 , as can be observed in the figure.
When the residual CFO is not zero, the dependency of BER on the training sequence X p can be identified from the expressions of µ 
are both the optimal training sequences in the sense of minimizing the average BER. Although X p and X p achieve the minimal P b , they both have the largest PAPR which is undesirable and problematic in OFDM systems.
When N = 64, the exhaustive search method to find the optimal training sequence X p opt is impractical. To illustrate the dependency of the average BER on a specific training sequence, we consider the following three specific training sequences. The first training sequence is X . The residual CFO is set to be 0.03. When E s /N 0 is less than 20 dB, we find the BER curves corresponding to the BPSK and 16-QAM modulated OFDM signals with three training sequences are almost the same because the multipath fading and AWGN govern the performance in this SNR region. As E s /N 0 increases, the effect of ICI which is a function of the training sequence becomes dominant and the performance difference among the three training sequences becomes apparent. Depending on the desired operating SNR, the selection of suitable training sequence may have great influence on the average BER of OFDM systems. V. CONCLUSIONS We investigated the effects of channel estimation error on the BER performance of OFDM systems in multipath fading channels. For BPSK, QPSK, 16-QAM, and 64-QAM modulated OFDM signals, we derived the BER formula characterizing the performance degradation due to imperfect channel estimation. Computer simulations were conducted to verify the accuracy of our theoretical analyses. The BER analysis can be extended to frequencyselective Rician fading channels by generalizing the Lemma 1 to the case of nonzero mean complex-valued Gaussian random variables. From the BER expression, we learn the BER depends on the patterns of training sequences. The design of optimal training sequence in the sense of minimizing the average BER subject to the PAPR constraint is left for future studies.
